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Representations And Characters Of
Groups

Representations and Characters of Groups Understanding the concepts of representations
and characters of groups is fundamental in modern algebra, especially in the study of group
theory and its applications across mathematics and physics. These ideas serve as powerful
tools to analyze and classify groups by translating abstract group elements into more tangible
mathematical objects such as matrices and functions. This article offers an in-depth
exploration of group representations and characters, their significance, types, properties, and
applications, providing a comprehensive guide for students, researchers, and enthusiasts alike.

Introduction to Group Theory and Its Significance

Group theory is a branch of algebra that studies algebraic structures known as groups. A
group is a set equipped with an operation satisfying four axioms: closure, associativity,
identity, and invertibility. Groups appear naturally in many areas of mathematics and science,
modeling symmetries, conservation laws, and more. Understanding a group's structure directly
can be challenging since groups can be highly abstract. To gain insight, mathematicians
employ representations—ways to realize groups as groups of matrices acting on vector spaces.
This approach transforms abstract algebraic problems into linear algebra questions, which are
often easier to analyze.

What Are Group Representations?

Definition of Group Representation

A group representation of a group \( G \) on a vector space \( V \) over a field \( F \) (commonly
\( \mathbb{C} \)) is a homomorphism: \[ \rho: G \to \mathrm{GL}(V) \] where \(
\mathrm{GL}(V) \) is the group of invertible linear transformations on \( V \). In simpler terms,
each element \( g \in G \) is associated with an invertible matrix \( \rho(g) \) such that: 1. \(
\rho(gh) = \rho(g)\rho(h) \) for all \( g, h \in G \). 2. \( \rho(e) = I \), the identity matrix, where \(
e \) is the identity element in \( G \). This mapping allows us to study the group \( G \) via its
matrix representations, translating the abstract elements into concrete linear transformations.

Examples of Group Representations

- Trivial representation: Maps every group element to the identity matrix. - Regular
representation: Acts on the space of functions from \( G \) to \( F \), with group elements
permuting these functions. - Permutation representation: Associates each element of a
permutation group with its permutation matrix.



Types of Group Representations

Group representations can be broadly classified based on their properties:

1. Faithful and Unfaithful Representations

- Faithful Representation: Injective homomorphism; different group elements map to distinct
matrices. It fully captures the group's structure. - Unfaithful Representation: Not injective;
some non-identity elements map to the identity matrix, losing information about some group
elements.

2. Reducible and Irreducible Representations

- Reducible Representation: Contains a proper invariant subspace \( W \subset V \) such that
the entire representation preserves \( W \). - Irreducible Representation (Irrep): Cannot be
decomposed into smaller invariant subspaces. These are the building blocks of all
representations.

3. Finite and Infinite-Dimensional Representations

- Finite-Dimensional: The vector space \( V \) has finite dimension. - Infinite-Dimensional: \( V \)
is infinite-dimensional, often arising in advanced contexts like functional analysis.

The Role of Characters in Group Representation Theory

Definition of a Character

Given a representation \( \rho: G \to \mathrm{GL}(V) \), its character \( \chi_\rho \) is a
function: \[ \chi_\rho : G \to \mathbb{C}, \quad \chi_\rho(g) = \operatorname{Tr}(\rho(g)) \]
where \( \operatorname{Tr} \) denotes the trace of the matrix \( \rho(g) \). Key properties of
characters: - Class functions: Characters are constant on conjugacy classes, i.e., \( \chi(g) =
\chi(hgh^{-1}) \). - Orthogonality relations: Characters satisfy specific orthogonality relations
that are fundamental in analyzing and decomposing representations.

Importance of Characters

- Simplify the study of representations by reducing problems to functions on conjugacy classes.
- Help identify irreducible representations among all representations. - Facilitate the
decomposition of reducible representations into irreducibles.

Fundamental Theorems and Concepts in Representation
Theory
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Maschke's Theorem

In the context of finite groups over the field \( \mathbb{C} \), Maschke's theorem states that
every finite-dimensional representation is completely reducible; that is, it can be decomposed
into a direct sum of irreducible representations.

Schur's Lemma

A key result regarding irreducible representations: - If \( \rho: G \to \mathrm{GL}(V) \) is
irreducible, then any linear map \( T: V \to V \) commuting with all \( \rho(g) \) (i.e., \( T\rho(g)
= \rho(g)T \)) must be a scalar multiple of the identity.

Decomposition of Representations

Any finite-dimensional representation \( \rho \) can be expressed as a direct sum of irreducible
representations: \[ \rho \cong \bigoplus_{i} m_i \rho_i \] where \( \rho_i \) are irreducible
representations, and \( m_i \) are their multiplicities.

Applications of Group Representations and Characters

1. Symmetry Analysis in Physics and Chemistry

Group representations are instrumental in understanding molecular symmetry, crystal
structures, and particle physics. For example, irreducible representations classify possible
vibrational modes of molecules or the behavior of particles under symmetry operations.

2. Simplification of Group Algebra Problems

Representations enable decomposition of complex group algebra problems into manageable
parts, facilitating computations in algebra, number theory, and combinatorics.

3. Number Theory and Galois Theory

Characters help in analyzing Galois groups and solving polynomial equations by examining
their symmetry properties.

4. Coding Theory and Cryptography

Group representations underpin error-correcting codes and cryptographic algorithms,
leveraging symmetry properties for security and efficiency.

Constructing and Analyzing Representations

Methods of Construction

- Induction: Building representations of larger groups from those of subgroups. - Tensor



products: Combining representations to form new ones. - Reducing representations: Using
characters to decompose a given representation into irreducibles.

Character Tables

A central tool in representation theory is the character table, which tabulates the characters of
all irreducible representations across the conjugacy classes of a finite group. It provides a
compact summary of the group's representation structure.

Examples of Character Tables

Example: The Symmetric Group \( S_3 \) | Conjugacy Class | Size | Representative | Characters
of Irreducible Representations | ||||| | \( \{ e \} \) | 1 | identity | 1, 1, 2 | | \( \{ (12), (13), (23) \}
\) | 3 | transpositions | 1, -1, 0 | | \( \{ (123), (132) \} \) | 2 | 3-cycles | 1, 1, -1 | This table
summarizes the irreducible representations of \( S_3 \), their characters, and how they relate
to conjugacy classes.

Conclusion

The study of representations and characters of groups offers a profound lens through which to
understand the structure and symmetry inherent in mathematical objects and physical
systems. By translating abstract group elements into matrices and functions, mathematicians
can leverage linear algebra tools to analyze, classify, and decompose groups effectively. From
the foundational definitions to advanced applications in physics, chemistry, number theory,
and beyond, the theory of group representations continues to be a central pillar of modern
mathematics. Mastery of these concepts empowers researchers to unlock symmetries, simplify
complex algebraic problems, and explore the deep interconnectedness of mathematical
structures. Keywords: group representations, characters, irreducible representations, class
functions, symmetry, Maschke's theorem, Schur's lemma, character table, finite groups, linear
algebra, algebraic structures, mathematical symmetry

Representations and characters of groups form a fundamental area of study in abstract
algebra and representation theory, offering profound insights into the structure and symmetry
of algebraic objects. These concepts serve as bridges between pure algebraic ideas and more
concrete mathematical frameworks such as linear algebra, combinatorics, and geometry. By
examining how groups act on various spaces through representations and how their elements
can be characterized via characters, mathematicians can classify and analyze groups more
effectively, leading to applications across physics, chemistry, coding theory, and beyond.

Introduction to Group Representations

A group representation provides a way to "realize" a group as a set of matrices acting on a
vector space, thus translating abstract algebraic notions into linear transformations. Formally,
a representation of a group \( G \) over a field \( F \) is a homomorphism: \[ \rho: G \to
\mathrm{GL}(V), \] where \( V \) is a vector space over \( F \), and \( \mathrm{GL}(V) \) is the
general linear group of invertible linear transformations on \( V \). Key features: - Concrete
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realization: Converts abstract group elements into matrices, enabling computational
techniques. - Dimension: The dimension of \( V \) (the degree of the representation) influences
the complexity and richness of the representation. - Faithfulness: A representation is faithful if
\( \rho \) is injective, meaning the group is embedded faithfully into a matrix group. Importance
of Group Representations - They facilitate the understanding of group structure by examining
linear actions. - They enable the use of linear algebra tools to analyze group properties. - They
help classify groups via their irreducible representations.

Types of Representations

Group representations can be broadly classified based on their properties:

1. Reducible and Irreducible Representations

- Reducible: A representation \( \rho \) is reducible if there exists a proper, non-zero subspace
\( W \subset V \) such that \( \rho(g)(W) \subseteq W \) for all \( g \in G \). - Irreducible: No such
proper invariant subspace exists. These are the building blocks for all representations.
Features: - Every finite-dimensional representation over an algebraically closed field
decomposes into a direct sum of irreducible representations (Maschke’s theorem for finite
groups). Pros/Cons: - Pros: Irreducible representations simplify the study of group actions;
they serve as fundamental units. - Cons: The decomposition might be complex for large or non-
semisimple groups.

2. Faithful and Unfaithful Representations

- Faithful: The homomorphism \( \rho \) is injective; the kernel is trivial. - Unfaithful: The kernel
contains non-identity elements, meaning some group elements act trivially. Features: - Faithful
representations embed the entire group into a matrix group. - Unfaithful representations can
sometimes simplify analysis by ignoring some symmetries.

Characters of Groups

A character of a representation \( \rho \) is a function: \[ \chi_\rho: G \to F, \] defined by \[
\chi_\rho(g) = \operatorname{trace}(\rho(g)), \] where \( \operatorname{trace} \) denotes the
sum of the diagonal entries of the matrix \( \rho(g) \). Features and significance: - Class
functions: Characters are constant on conjugacy classes, i.e., \( \chi(g) = \chi(hgh^{-1}) \). -
Orthogonality relations: Key tools in analyzing and decomposing representations. - Complete
invariants: For finite groups over algebraically closed fields of characteristic zero, the set of
irreducible characters uniquely determines the group's representation theory. Properties of
Characters - Characters encode vital information about the representation, such as its degree
(\( \chi(1) \)) and reducibility. - Characters of irreducible representations are orthonormal with
respect to the inner product: \[ \langle \chi, \psi \rangle = \frac{1}{|G|} \sum_{g \in G} \chi(g)
\overline{\psi(g)}. \] Applications of Characters - Decomposing representations into
irreducibles. - Classifying conjugacy classes. - Computing the number of irreducible
representations.



Representation Theory of Finite Groups

Finite groups serve as the primary context for classical representation theory due to their
manageable structure and rich theory.

Maschke’s Theorem

States that every finite-dimensional representation over a field of characteristic zero or
characteristic not dividing the group order decomposes into a direct sum of irreducible
representations. This guarantees complete reducibility. Features: - Simplifies classification by
reducing complex representations into building blocks. - Ensures the existence of a complete
set of irreducible representations.

Character Tables

A key tool in the representation theory of finite groups is the character table, which lists
irreducible characters against conjugacy classes. Features: - Encodes the entire representation
theory. - Symmetric and orthogonal properties facilitate calculations. - Used to identify normal
subgroups and analyze the structure of the group. Pros/Cons: - Pros: Greatly simplifies
understanding group structure; aids in identifying isomorphism classes. - Cons: Computing the
character table for large groups can be challenging.

Representations of Lie Groups and Lie Algebras

Moving beyond finite groups, Lie groups and their associated Lie algebras introduce
continuous symmetries and more sophisticated representation theories.

Lie Group Representations

- Focus on smooth homomorphisms into \( \mathrm{GL}(V) \). - Important in physics,
especially quantum mechanics and particle physics. - Representations are classified via highest
weights in the case of semisimple Lie groups. Features: - Rich classification theory, such as the
Cartan–Weyl theory. - Often infinite-dimensional, but finite-dimensional irreducible
representations are well-understood.

Lie Algebra Representations

- Lie algebra representations correspond to differential representations of the associated Lie
group. - They are easier to analyze algebraically, providing insight into the structure of the Lie
group. Features: - Use root systems and weight diagrams to classify representations. -
Fundamental in understanding symmetry in physics.

Applications Across Mathematics and Physics

The study of representations and characters of groups has broad applications: - Physics:
Symmetry groups in quantum mechanics and particle physics rely heavily on representation
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theory. - Chemistry: Molecular symmetry and vibrational modes are analyzed using group
representations. - Coding and Cryptography: Group actions underpin error-correcting codes
and cryptographic protocols. - Number Theory: Modular forms, automorphic forms, and Galois
representations connect deeply with representation theory.

Pros and Cons of the Representation and Character
Approach

Pros: - Transforms abstract algebraic problems into linear algebra, which is well-understood
and computationally manageable. - Provides classification tools like character tables. -
Facilitates understanding of symmetry and structure in diverse mathematical contexts. -
Connects algebra with geometry, analysis, and physics. Cons: - Complexity increases rapidly
with group size. - Computing irreducible representations and characters can be difficult for
large or complicated groups. - Some infinite groups require sophisticated tools beyond
classical representation theory. - Over fields with positive characteristic, representation theory
becomes more complicated and less complete.

Conclusion

The concepts of representations and characters of groups form a cornerstone of modern
algebra, providing both theoretical insights and practical tools for analyzing symmetry. From
finite groups to continuous Lie groups, these notions enable mathematicians to classify,
decompose, and understand complex group structures through linear algebraic lenses. While
challenges remain—particularly in computational aspects and in the context of infinite or non-
semisimple groups—the study of representations and characters continues to be a vibrant and
deeply interconnected domain, driving advances across pure mathematics and theoretical
physics alike.

Questions & Answers About representations and
characters of groups

N
o

Question Answer

1 What are group
representations in the context
of abstract algebra?

Group representations are homomorphisms from a
group to the general linear group of a vector space,
allowing groups to be studied via linear
transformations and matrices.

2 How do characters help in
understanding group
representations?

Characters are functions that assign to each group
element the trace of its representing matrix, providing
powerful tools for analyzing and decomposing
representations, especially in finite groups.

3 What is the significance of
irreducible representations in
group theory?

Irreducible representations are the building blocks of
all group representations; understanding them enables
the classification and analysis of more complex
representations.



4 How do representation theory
and characters relate to
symmetry in physics?

They are essential in describing symmetries of physical
systems, allowing the classification of particles,
understanding conservation laws, and simplifying
complex calculations in quantum mechanics and
crystallography.

5 What are some common
methods for constructing
group representations?

Methods include inducing representations from
subgroups, using permutation actions, and applying
Fourier analysis on finite groups, among others.

group theory, character theory, group representations, irreducible representations,
representation theory, Burnside's lemma, Schur's lemma, symmetry groups, module theory,
group actions
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